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CHAPTER 1

INTRODUCTION

Short history

Piezoelectric materials are widely used in medical imaging, acoustics, in the
manufacture of chips, sensors, hydrophones, devices of actuation of the intelligent
components of the energy collectors. The properties mechanical properties of the
composite materials coupled with the electrical properties of the materials
piezoelectric and sometimes also with magnetic properties offers the purpose of being
created intelligent structures capable of responding to internal and surrounding
changes, being used due to their ability to reduce the concentration of the state of
tension and the increase resistance to breakage in the field of electronic instruments,
devices with microwaves and in optoelectronics.

The study of the stress field in an infinite anisotropic or piezoelectric body
with an elliptical hole has been and still is an interesting and challenging problem
among researchers in Solid Mechanics. Due to its simplicity and importance, these
studies have been given considerable interest in the last decades by many authors.
The study of a crack or an elliptical inclusion in composite materials is of great
importance in theory and applications and has been carried out in many interesting
works, e.g. ([10], [17], [18], [53], [70]). Due to the anisotropy of the material and the
effects of electroelastic coupling, the mathematical modeling of piezoelectric materials
with defects such as cracks, inclusions, weakening is not simple to develop from a
mathematical point of view, examples in this sense being the works ([9], [29], [46],
66], [67], [68], (78], [76)).

Using the Lekhnitskii formalism ([14], [42] [50]) for anisotropic elastic composite
materials and Guz’s method ([28]) for prestressed elastic composite materials, Soos
([4], [5], [19], [64]) obtain the representation by two full potentials U; = W;(z;), j = 1.2
in the case of the incremental antiplane problem of the incremental stress components



6, and of the electrical incremental displacement A.

Applications of piezoelectric materials are of particular importance for the use of
sensors and actuators in smart structures in medical imaging, in ultrasound
applications, in acoustics, and in many other fields of engineering.

In the last decades, a lot of researchers have conducted studies in the field of
mathematical modeling of piezoelectric materials of important coupling effects
between electric and mechanical fields. Eringen and Maugin in the first volume of the
fundamental monograph ([24]) studied the stability of piezoelectric materials using
the theory of small strains superimposed on large strains of static elastic fields. Sosa
([67)-[68]) studied crack propagation in two- and three-dimensional transversely
isotropic piezoelectric media within the formalism of complex variable techniques. In
one of the first papers on interface fracture of multiphase piezoelectric materials, Suo
et al ([69]), developed a new theory of fracture mechanics to determine the fracture
intensity and crack propagation in piezoelectric ceramic materials under hysteresis
conditions. With the help of Muskhelishvili’s or Lekhnitskii’s formalism applied to
cracked piezoelectric materials, many authors obtained important and imperative
results for the study of propagation, Huang ([30]) or crack interactions, Craciun
([15)-[20]). Bardzokas and collaborators ([7]-[9]) studied the failure of piezoceramic
plates having defects in the form of cracks/inclusions and holes, reducing
electroelasticity boundary value problems to solving systems of integral equations.

Crack problems at the interface of piezoelectric materials have received considerable
attention from many researchers ([29], [57]). Recent contributions have been made
in the specialized literature by other authors, ([46], [74]), who provided analytical
solutions for interface cracking problems, in the case of impermeable or permeable
interface cracks. The problem of mathematical modeling of the initially deformed
piezoelectric material actuated by initial mechanical and electric fields containing a
reinforced crack is insufficiently studied to date.

In recent years, many researchers have been attracted to structural studies of
micro- and nanomaterials due to their special electronic, electrical, and mechanical
properties. Thanks to these properties, nanomaterials are used as basic nanobar
structural ~ components in  microelectromechanical ~ systems (MEMS) or
nanoelectromechanical systems (NEMS) as well as in piezoelectric devices. However,
they have caused major problems as we move to the micro or nano scale. Therefore,
future studies of piezoelectric materials are needed to increase the performance of the
manufacturing technology of sensors, filters, actuators, transducers, etc.

Piezoelectric thin films are integrated with structural components to obtain MEMS
or NEMS smart structure and with other composite materials used for other required
functions. Piezoelectric crystals produce electrical charge when a certain mechanical
force is applied and vice versa. Thus, the piezoelectric material helps us to actuate the



structure while it performs piezoelectric, that is, the applied electric field generates the
mechanical deformation.

MEMS/NEMS include the use of transducers for energy harvesting in mechanical
engineering, navigation, aerospace and marine, medical ultrasound imaging, ink-jet
printing, fluid monitoring using piezoelectric power supplies, and surface acoustic
wave devices. With the advancements of modern MEMS/NEMS systems, the
required power supplies are reduced and therefore we are oriented towards new
amendments to the basic theory of piezoelectricity.

There are a large number of research papers describing the basic theories in the
study of piezoelectric materials and other related materials, of which we will cite only
a few in the following. Tesean, ([39]) investigated and held fundamentals in the case of
the plane deformation problem for homogeneous anisotropic piezoelectric materials.
Liang and Shen, ([44]) examined Bernoulli-Euler bending of nanorods with
piezoelectric effect. Eom and Trolier-McKinstry, ([23]) studied the design of thin film
MEMS hetero-structure with piezoelectric effect. Vahdat and his collaborators, ([71])
investigated the resonator sandwich structure between two piezoelectric layers. Sadek
and Abukhaled, ([56]) analyzed the vibrations of a beam due to sudden heat by a
piezoelectric actuator. Kumar and Sharma, ([38]) studied the thermoelastic damping
in a piezothermoelastic beam using the fractional order derivative thermal equation
for a transversely isotropic material. Li and He, ([43]) studied piezoelectric bar with
nonlocal elasticity, fractional order thermal conduction and mobile heat source.
Zenkour, ([73]) studied the thermomechanical response of the microbar using the
modified torque stress analysis theory subjected to two temperatures. And other
researchers studied the behavior of the piezoelectric nanobar, such as Sharma and
Kaur, ([61], [62]), Abouelregal and Zenkour, ([2]), Lata and Kaur, ([40]).

Purpose and objectives of the research
In this doctoral thesis, I propose to study and obtain the following results:

1. We have obtained a solution in an elementary, compact form for the complex
potentials and the incremental stress and electric fields for the problem of an elliptical
inclusion in a prestressed and prepolarized piezoelectric material acted at large
distances by constant antiplane stresses and using conformal transformation.

2. In the case of a piezoelectric material initially acted upon by mechanical and
electric fields and containing a reinforced crack of length 2a > 0 located on the Ox,
axis, subject to Mode III antiplane classical fracture, we also obtained the solution of
the complex potential problems, the incremental displacement and tension fields, as



well as the propagation direction of a reinforced crack in a PZT-type piezoelectric
material.

3. In the context of the generalized piezothermoelastic theory, new mathematical
models for the piezothermoelastic type nanobars are obtained, thus determining the
expressions for the lateral deflection, the electric potential, the thermal moment, the
thermoelastic damping and the frequency shift.

The original results of the above three studies obtained by the author are
presented each in Chapters 3, 4 and 5. Also, this doctoral thesis contains this
introductory chapter, one presenting the preliminaries of the study, one chapter
containing the conclusions of the doctoral thesis studies and one chapter presenting
the bibliographic titles.
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CHAPTER 2

PRELIMINARIES

The original results of the doctoral thesis can be found in Chapters 3-5.

In Chapter 3 of this doctoral thesis I studied the problem of an elliptical
inclusion/crack in a prestressed and prepolarized piezoelectric material loaded with
antiplane shear stresses, constant and uniform, according to the third mode of
fracture, using the representation of the incremental elastic and electric fields by two
complex potentials ¥; = W;(z;), j = 1.2 and the technique of conformal
representation of elliptical crack regions outside the unit circle. The unknown
coefficients of the analytic functions Wi(z;) and Ws(zg) represented by two Laurent
series in two complex planes are determined from the boundary conditions. In the
case of a pre-stressed and pre-polarized piezoelectric material of class 42m with an
elliptical crack-type inclusion, when the minor semi-axis tends to zero, the complex
potentials obtained in this chapter have the same form as those resulting from the
crack propagation problem by solving the Riemann-Hilbert problem, ([19], [64]).

In Chapter 4 we analyzed the antiplane state of prestressed and prepolarized
piezoelectric materials containing a bridged crack, following the bridge crack model
used by Bigoni and co-workers ([12], [72]). Using the famous monograph of Eringen
and Maugin ([24]) we derive the laws of incremental equilibrium, the constitutive
equations and the sufficient conditions under which incremental antiplane states can
exist in the prestressed and prepolarized piezoelectric material of PZT type ([63]),
having the polarization axis of the material in the positive Oz3 direction. In this
case, the incremental antiplane state can be represented by two complex potentials
and if the applied incremental voltage has a constant value, we determine the
asymptotic expressions of the complex potentials and the asymptotic representations
of the incremental mechanical and electrical fields. Extending the strain energy
density criterion of Sih from the case of isotropic materials ([59], [63]) to the case of
prestressed and prepolarized piezoelectric materials, we determine the direction of



propagation of the bridged crack for a certain PZT piezoelectric material depending
on the stiffness constant, and the initial elastic and electric fields.

In Chapter 5 we studied the behavior of a piezothermoelastic nanobar with fixed
ends and kept at a constant temperature, using the theory of generalized
piezothermoelasticity. From the mathematical model thus formulated, we obtain the
dimensionless expressions for the lateral deviation, the electric potential, the thermal
moment, the thermoelastic damping and the frequency shift. In the context of the
generalized piezothermoelastic theory, using graphical representations with the aid of
the MATLAB program, we studied the influence of the frequency effect in the
representation of the solutions obtained for the lateral deviation, electric potential,
thermal moment, thermoelastic damping and of the frequency shift as a function of
the length of the nanobar within the framework of the coupled theory (CT), the
Lord-Shulman theory (LS) and the Green-Lindsey (GL) theory, respectively.



CHAPTER 3

PRESTRESSED AND PREPOLARIZED
PIEZOELECTRIC MATERIAL WITH AN
ELLIPTICAL CRACK

The main goal of this chapter is to obtain new results regarding the solution
expressed by complex potentials of the problem of an elliptical crack in a prestressed
and prepolarized piezoelectric material acted by constant and uniform antiplane shear
stresses.

The structure of the previous chapter is as follows: in Subchapter 3.1 is presented
the representation of incremental elastic and electrical fields through two complex
electric potentials. In Subchapters 3.2 and 3.3 are highlighted original products
obtained. In Subchapter 3.2 using the boundary conditions and the method of
conformal representation we determine the general expressions of complex potentials
as Laurent series, and in Subchapter 3.3 we determine the coefficients of complex
potentials in the case of an elliptical crack in a prestressed and prepolarized
piezoelectric material of 42m class. The novelty of this chapter is the representation
of an elementary solution in the form of a compact form of the complex potentials
and using this, we determine the incremental sterss and electric fields in a prestressed
and prepolarized piezoelectric material acted on large distances by constant and
uniform antiplane shear stresses.

The results of this chapter were published in the paper [21] Craciun, EM., Ghita,
GMD., Rapeanu, E. Prestressed and prepolarized piezoelectric material with an
elliptical hole. Z. Angew. Math. Phys. 76, 18 (2025).



CHAPTER 4

BRIDGE CRACK PROPAGATION IN A
PRESTRESSED AND PREPOLARIZED
PIEZOELECTRIC MATERIAL

The main goal of this chapter consists in presenting new results regarding the
mathematical modeling of a bridge crack in prestressed and prepolarized piezoelectric
materials in mode III of classical fracture.

The structure of this chapter is as follows: In Subchapter 4.1, the antiplane
state of prestressed and prepolarized piezoelectric materials is presented, studying the
case of PZT type prestressed and prepolarized piezoelectric materials. In Subchapters
4.1, 4.2 and 4.3 the original results are obtained. In Subchapter 4.2 we study the
problem of an antiplane bridge crack in prestressed and prepolarized piezoelectric
materials. Using the boundary conditions of the bridgeded crack, we get linear
differential nonhomogeneous equations having the complex potentials as unknown.
For a constant value of the applied incremental loads, we will determine the complex
potentials, displacements and incremental stress fields corresponding to the third
mode of classical fracture. In Subchapter 4.3 we will extend Sih’s strain energy
density (SED) fracture criterion in the case of prestressed and prepolarized
piezoelectric materials and we will study the propagation of a bridge crack in
antiplane mode of fracture in a piezoelectric material of PZT type. From numerical
results and the graphic representation of the density of the incremental deformation
energy, we find the crack propagation direction as a function of different values of the
stiffness constant as well as of different values of the initial applied elastic and electric
fields.

The results of this chapter were published in the paper [25] Ghita, GMD., Craciun,
E.M.: Reinforced crack propagation in a prestressed and prepolarized piezoelectric
material, Compos. Struct. 2024;342:118248.



CHAPTER 5

MATHEMATICAL MODELING OF
DYNAMIC PIEZOTHERMOELASTIC
NANOBARS

The main goal of this chapter is to obtain new results regarding the mathematical
modeling of one-dimensional piezoelectric materials in the context of the theory of
generalized piezothermoelasticity.

The structure of this chapter is as follows: Subchapter 5.1 presents the basic
equations, the constitutive relations and the heat conduction equation for an
anisotropic piezo-thermoelastic medium. In Subchapters 5.1 and 5.2 the original
results obtained are highlighted. In Subchapter 5.2, we determine the solution to our
problem in the case of a homogeneous, transversely isotropic piezothermoelastic
nanobar with a rectangular section subjected to the action of a uniformly distributed
harmonic type load in a state of rest with fixed ends and subjected to a constant
temperature. For different particular cases in the case of lead zirconate titanate
piezoelectric material (PZT-5A), the influence of the frequency effect can be observed
in the representation of the solutions obtained for the lateral deviation, potential
thermal moment, electrical damping. thermoelasticity and of the frequency shift
versus the length of the nanobar within the framework of the coupled theory (CT),
the Lord-Shulman theory (LS) and the respective Green-Lindsey (GL) theory.

The results of this chapter were published in the paper [26] Kaur, I., Singh, K.,
Ghita, GMD.: New analytical method for dynamic response of thermoelastic
damping in simply supported generalized piezothermoelastic nanobeam, ZAMM-Z.
Angew. Math. Me. 2021;101(10):€202100108.



CHAPTER 6

CONCLUSIONS

Structure of the doctoral thesis
This doctoral thesis, entitled Mathematical modeling of crack
propagation in piezoelectric materials with initial fields, is structured in six
chapters, followed by a bibliographical list containing 84 titles .
Original results

The original contributions, included in this doctoral thesis, are the following:

1. The study included in Chapter 3, entitled Prestressed and prepolarized
piezoelectric material with an elliptical crack was published in the paper [21].

2. The study included in Chapter 4, entitled Bridge crack propagation in a
prestressed and prepolarized piezoelectric material was published in the paper
[25].

3. The study included in Chapter 5, entitled Mathematical modeling of dynamic
piezothermoelastic nanobars was published in the paper [26] and was extended
for magnetopiezothermoelastic nanobars in the paper [27].

Disseminated results

Published papers during the doctoral studies

During the doctoral studies I published the following papers:
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1. Craciun, EM., Ghita, GMD., Rapeanu, E. Prestressed and prepolarized
piezoelectric material with an elliptical hole. Z. Angew. Math. Phys.
2025;7618:18 |, https://doi.org/10.1007/s00033-024-02396-4, ISI indexed journal,
quartile Q2 (IF, AIS), see [21].

2. Ghita, GMD., Craciun, E.M.: Reinforced crack propagation in a prestressed
and prepolarized piezoelectric material, Compos. Struct. 2024;342:118248,
https://doi.org/10.1016/j.compstruct.2024.118248, IST indexed journal, quartile
Q1 (IF, AIS), see [25].

3. Kaur, 1., Singh, K., Ghita, GMD.: New analytical method for dynamic
response of thermoelastic damping in simply supported generalized
piezothermoelastic nanobeam, ZAMM-7Z Angew Math Me.
2021;101(10):€202100108, https://doi.org/10.1002 /zamm.202100108, ISI
indexed journal, quartile Q1 (IF), see [26].

4. Kaur, I., Singh, K., Ghita, GMD., Craciun, EM.: Modeling of a
magneto-electro-piezo-thermoelastic nanobeam with two temperature subjected
to ramp type heating, Proc. Rom. Acad., Ser. A: Math. Phys. Tech. Sci. Inf.
Sci 2022;23(2):143-152, ISI indexed journal, quartile Q3 (IF, AIS), see [27].

Presentation of scientific research results

International and national conferences where I presented the scientific research
results during doctoral studies, are the following:

e Students’ International Conference, CERC, Bucuresti, 06-07
Noiembrie, 2020, Academia Tehnica Militara Ferdinand I Bucuresti, with the
paper Cracks in a prestresed and prepolarized piezoelectric material.

e Conferinta nationala a studentilor, masteranzilor si doctoranzilor
Tehnonav Jr., Editia a-XI-a, 25 Mai, 2022, Universitatea Ovidius din
Constanta, with the paper Modelarea matematica a nanobarelor
magneto-electro-piezotermoelastice.

e 15-th International Conference on advanced computational engineering
and Experimenting, ACEX 2022, Florenta, Italia, 03-07 Iulie, 2022,
with the paper nr. ACEX 420 Anti-plane interface crack in piezoceramics with
initial fields, section Plasticity and Constitutive Modelling (SS2), online, 06 July
2022, hour 10:20-10:50.
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e 27th International Conference on Composite Structures, ICCS27,
Ravenna, Italia, 03-06 Septembrie, 2023, University of Bologna, with the
paper nr. 1224  Reinforced crack propagation in a prestressed and
prepolarizedpiezoelectric material, section Delamination, damage, fracture,
failure and durability of composites online, 06 September 2024 hour 11:50-12:10.

Awarding of scientific research results

The following article was awarded, within the national competition ” Awarding
of Research Results - UEFISCDI”:

1. New analytical method for dynamic response of thermoelastic
damping in simply supported generalized piezothermoelastic
nanobeam, ZAMM-Z. Angew. Math. Me. 2021;101(10):e202100108,
see [26].

If the " Awarding of Research Results - UEFISCDI” competition continues, the
following two articles listed in Subchapter 6.3.1 will be awarded, being in the quartiles
Q2 (AIS yellow zone) and Q1 (AIS red zone), respectively:

1. Craciun, EM., Ghita, GMD., Rapeanu, E. Prestressed and prepolarized
piezoelectric material with an elliptical hole. Z. Angew. Math. Phys.
2025;7618:18 |, https://doi.org/10.1007/s00033-024-02396-4, ISI indexed journal,
quartile Q2 (IF, AIS), see [21].

2. Ghita, GMD., Craciun, E.M.: Reinforced crack propagation in a prestressed
and prepolarized piezoelectric material, Compos. Struct. 2024;342:118248,
https://doi.org/10.1016/j.compstruct.2024.118248, IST indexed journal, quartile
Q1 (IF, AIS), see [25].

Citar:

The articles published during the doctoral studies, listed in Subchapter 6.3.1, had 29
citations in the Web of Science, the number of citations for each paper being mentioned
below:

1. Craciun, EM., Ghita, GMD., Rapeanu, E. Prestressed and prepolarized
piezoelectric material with an elliptical hole. 7. Angew. Math. Phys.
2025;7618:18 , https://doi.org/10.1007/s00033-024-02396-4,ISI indexed journal,
quartile Q2, see [21],1 quoting.
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2. Ghita, GMD., Craciun, E.M.: Reinforced crack propagation in a prestressed
and prepolarized piezoelectric material, Compos. Struct. 2024;342:118248,
https://doi.org/10.1016 /j.compstruct.2024.118248, ISI indexed journal, quartile
Q1, see [25], 2 quotings.

3. Kaur, I., Singh, K., Ghita, GMD.: New analytical method for dynamic
response of thermoelastic damping in simply supported generalized
piezothermoelastic nanobeam, ZAMM-Z. Angew. Math. Me.
2021;101(10):€202100108, https://doi.org/10.1002/zamm.202100108, ISI
indexed journal, quartile Q2, see [26], 19 quotings.

4. Kaur, I., Singh, K., Ghita, GMD., Craciun, EM.: Modeling of a
magneto-electro-piezo-thermoelastic nanobeam with two temperature subjected
to ramp type heating, Proc. Rom. Acad., Ser. A: Math. Phys. Tech. Sci. Inf.
Sci 2022;23(2):143-152, ISI indexed journal, quartile Q3, see [27], 7 quotings.

Future research directions

1. In the future, we intend to study prestressed and prepolarized piezoelectric
materials with elliptical holes/cracks, using the conformal mapping method and theory
of complex potentials in the case of prestressed thermopiezoelectric materials and for
anisotropic magnetoelectroelastic materials. We also intend to study the interaction
between an elliptical hole and a classical crack in the above mentioned materials, as well
as to extend the study from an elliptical hole/crack with stress-free faces to the case of
a bridged elliptical hole/crack at the interface between two prepolarized piezoelectric
materials.

2. We will extend the current studies to the cases of interaction of bridged
collinear or/and parallel bridged cracks, in the case of prestressed anisotropic composite
materials, (see [15]-[20]) for prestressed and prepolarized piezoelectric materials and to
prestressed and prepolarized magnetothermopiezoelectric materials.
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